Abstract. This paper gives a brief overview of computer-aided coordinate measurement as a method for testing the geometry of solid workpieces or components in mechanical engineering and similar fields. In contrast to conventional workpiece testing equipment, one can measure most kinds of workpiece with the coordinate measuring instrument as the only universal inspection centre. The principle is to measure a sample of surface points as space point coordinates, to evaluate them by means of mathematical models and computer software and to compute the desired sizes by using the computer's internal digital model of the workpiece. A brief description of the various measuring instruments, the best-fit evaluation algorithms according to Gauss and Tsebyshev, the uncertainty and the software for the new workpiece inspection method oriented on flexible manufacturing systems are given.
1. Introduction -subject of geometrical measurements The geometry of solid bodies such as manufactured workpieces or components made from various materials (metal, plastics, concrete) is described by shape, size and tolerances in technical drawings or by CAD data on computer discs. The shape and sizes are the fundamental quantities for the proper function of single workpieces (e.g. a turbine blade) or of the function of two or more matching workpieces such as nuts and bolts, etc. Thus, geometric quality control by testing the size of workpieces is important in the manufacturing process.
The idea of conventional measurements is to measure single properties such as length, diameter, angle. pitch. distance, etc, according to the drawing (figure l(a)) and to the individual steps in the manufacturing process. A large number of specially designed measuring instruments and gauges have been developed and manufactured in the last century (e.g. vernier callipers. micrometers, dial gauges, plug gauges, gap gauges, etc). all of which are designed for manual use. They do not support any automatic equipment for workpiece testing.
Advanced manufacturing technology based on highly automated and computer-controlled machine tools, decreasing tolerances for sizes and form deviations and the need for very fast feedback of data for production control all require effective and very precise computer-controlled flexible workpiece testing equipment.
The development of computer-aided coordinate measurement is at .present the last milestone in automated engineering metrology (Gilheany and Tretwyn 1980, VDI 1980) and it has led to a totally new philosophy of geometric measurement as for manufacturing by numerically controlled (NC) machine tools. Computer-aided coordinate measurement requires not only a new generation of measuring devices, but the new measuring instruments also require new and more general geometric models, theories and thinking habits of engineers and metrologists as well. The technique solves measuring problems which were insoluble until now (e.g. bevel gears or worm gears).
It allows a computer-controlled measuring process, evaluation W Lotze of the measured data by sophisticated algorithms and transfer of the result to the mainframe computer for management and production control. Coordinate measuring machines are nowadays powerful and flexible measuring centres, and they have been incorporated in flexible manufacturing systems. The unity of measuring device, computer, software and well trained operators is required in order to get high technical and economical effectiveness (Lotze 1984a ).
The principle of coordinate measurement of workpieces
The basic idea of the computer-aided coordinate measurement of workpieces is totally different to conventional length and angle measurement and it is based on the mathematical model of the workpiece surface described by a set of equations for the various form elements in a defined coordinate system. The equations themselves and their parameters for the nominal workpiece depend on the shape and size of the given workpiece. Therefore the workpiece must be split into a number of elementary form elements such as planar, cylindrical, conical, spherical and helical surfaces, etc (figure l(b). In order to get the actual geometry of the workpiece we have to measure a sample of surface points. The points must be in accordance with the desired form elements and geometrical parameters or deviations. The points have to be measured as space points P(x, y , z) within a coordinate system (figure l(c)). Thus the point measurement requires -contrary to conventional measurements of workpieces -only a universal measuring device for the surface point coordinates in space. But the surface point coordinates stored as a digital image of the workpiece in the computer memory give no direct information on the size of the workpiece or its quality in comparison with the drawing. This is because sizes (as length or angles) are always distances between two or more form elements. Therefore one has to evaluate the actual form elements from the measured points by means of a computer and special evaluation software.
The variety of workpiece geometries (machined by casting, welding, milling, turning, boring, grinding, etc) means that each workpiece requires its own evaluation program and, in the case of NC measuring machines, a special NC control program as an integral part of the workpiece testing as well. One has to prepare these programs in advance. The variety of evaluation programs corresponds to the variety of conventional measuring devices. Thus the measuring capability of a coordinate measuring set-up is always determined by the three components shown in figure 2. 
The principle of coordinate measuring instruments
In principle each kind of coordinate system may be used as a measuring system. It has to be able to describe space points by a set of coordinates and it must be possible to implement it with sufficient accuracy. Independently of the measuring coordinates, the evaluation will usually be carried out in rectangular Cartesian coordinates and there must be equations to transform the measuring coordinates into Cartesian coordinates without loss of accuracy.
A summary of known measuring coordinates is shown in figure 3 . Mainly rectangular (figure 3(a)) and cylindrical coordinates are used and in most cases they are implemented by air bearing guideways made from granite. Furthermore combinations of rectangular and polar coordinates (four or five coordinates simultaneously, figure 3 
I
The usual coordinate measuring machines are equipped with rectangular guideways and coordinates and sometimes with additional cylindrical coordinates provided by a rotary table ( figure 3(b) ). Angular coordinates measured by two theodolites are used for research projects and for very large bodies. For photogrammetric measurements a stereoscopic pair of pictures are to be taken by microscopes or photogrammetric cameras. The measuring range is up to a few mm' in the case of an electron beam microscope, up to l o o m 3 for mechanical coordinate measuring machines and nearly infinite for photogrammetric measurements.
Mechanical measuring instruments allow the measuring and evaluating of workpieces as a real-time process and the results may be fed back to the manufacturing process within a few minutes or hours. The photogrammetric measurement stores all the data -the visible surface points of the workpiecesimultaneously as a pair of pictures allowing evaluation only after later photographic development. Thus photogrammetric measurements have advantages in research and development; the disadvantage is the limited accuracy. Modern mechanical measuring systems are equipped with computer-controlled driving motors, allowing a fully automated measuring of workpieces comparable with NC machine tools.
An important part of the measuring instrument is the probe for touching the workpiece surface. There are mainly two types of probes equipped with a very precise ball for touching the workpiece. The first is the so called touch trigger probe (Roe 1982) . which gives a trigger pulse at the moment of touching the workpiece. The second type contains one to three transducers for measuring the stylus movement when touching the workpiece. The stylus movement has to be added to the read-out of the linear scales of the measuring axes. The second type of probe also allows the control of the measuring machine on a surface path in order to measure the profile of a workpiece (scanning measurement), Large NC measuring machines are also equipped with a stylus magazine and a computer-controlled stylus changer.
Besides the mechanical high-precision probes there are also optical probes for visual use and optoelectronic probes. The simple ones are equipped with a single photodiode for detecting the shadow edge similar to a touch trigger probe. The more powerful ones are based on image processing with CCD sensors (lines or arrays) or TV systems. Optical probes operate without contacts and allow very high measuring speed, but the accuracy is limited by the shadow edge.
The principle and steps of evaluation
The best way to understand the principle of coordinate measurement is to follow the general flowchart of the evaluation (figure 4) based upon the problem-oriented computer language MAUS (Lotze 1984b) .
The basic idea is to imagine the workpiece as a composition of single form elements that can be described by the form element equation and a set of parameters. The general task is to quantify this model by means of the measured surface points.
The basic elements of the evaluation appearing in the flowchart are the variables, the operations concerning these variables and the control parameters. The operations are: fitting operations for computation of the form element parameters by means of best-fit algorithms; transformation operations for measured points and form elements and for converting variables from one coordinate system to another; connecting operations for deriving new form elements as the intersection of two or more form elements, etc; size computation operations for getting length and angles as sizes between form elements; comparing operations for comparison of real and nominal sizes and tolerances, decision of rework, etc.
The control parameters are necessary for: input and output of data via defined channels; testing and calibration of probe and measuring instrument; automatic measurement in the case of an NC measuring machine.
Operations and variables within the evaluation procedures are mathematically defined. The common way to do this is to use vectors and matrices for the three-dimensional analytic geometry.
The principles of the best fit operations for form elements are shown in figure 5 . There are two types of algorithm:
the Gaussian method (least-squares method) for the best-fit mean profile; 0 the Tsebyshev method (least-deviations method) for the best-fit adjacent profile. The first is widely used and it works with good numerical stability for all form elements such as straight line, plane, circle, cylinder, sphere, involute, etc. As a part of the best-fit algorithms one has to correct the ball diameter of the probe by computing an equidistant form element.
The principle of connecting operation is shown in figure 6 by means of planes. The two measured planes PL, and PL2 define the intersection line SL, as a new form element. Other operations are available for intersection points, intersection circles, middle lines, straight lines through points etc. The size computation operations are also explained by figure 6. The distance D1 of the two (parallel) planes PL, and PL3 is given as the distance between the intersection points Pi and P2 of the normal direction and the two planes. The angle A i between the planes PL, and PL2 is equal to the angle A I between the normal directions of the planes. One can get further examples very easily.
Another and highly complex method, besides the step-bystep evaluation of the single form elements of measured workpieces, is to simulate the GO and NOT GO gauging by the corresponding profile according to Taylor's principle. For this reason the nominal profile and form elements of the counterpart (figure 7 ) must be put into the computer. The computer then tries to fit the real measured profile (the measured points) inside the nominal profile similar to the assembly of part and counterpart ( figure 7(c) ). If there is interference the computer wobbles the workpiece profile or workpiece points by coordinate transformation and searches for a fitting position. The algorithms for these testing procedures are very complex and based upon non-linear optimisation. Thus the Gaussian method is widely used and is part of the common evaluation software for computer-aided coordinate measurement.
Theoretical basis for form element approximation

Form element equations
The development of best-fit algorithms for the various form elements is one of the main problems of the theory of coordinate measurement. The first step is always to define the form element equation. It can be (a) the implicit form (c) the main axis equation according to (a) or (b) combined with a transformation into general coordinates Y according to
where T is the transformation matrix for rotation and Yo is the shifting vector of the origin. The coefficients of the matrix T and the components of the vector Yo have to be handled as unknown parameters and they must be included in the best-fit procedure. The best-fit form element has to be solved according to the Gaussian condition
with f; (i= 1, 2,. , n) as the distance of the measured point perpendicular to the form element profile. In the case of specially conditioned form elements, such as a tangent to a given circle, the so called secondary conditions ( i ) k ( u l , . . . . a,) have to be considered according to
with a k = Lagrange's factor (k= 1, . . . , I ). The result of the Gaussian method is always the best-fit mean profile.
The condition for best-fit form elements according to Tsebyshev is imax(f;)l + Imin(J)l =minimum. (6) The result of the Tsebyshev approximation is two equidistant adjacent profiles determined only by a few points. In the case of a large number of points (n % m) most of the points are between the two profiles and do not influence the result or the uncertainty. One of the problems of the Tsebyshev approximation of adjacent profiles is the sensitivity to error propagation and the highly complex algorithms. Thus the Gaussian method is always preferred.
The Gaussian method
The Gaussian method leads in general to a non-linear equation system for the unknown parameters al , . . . . a, I It is common to linearise the equations and to solve the problem by an iterative procedure.
Assuming we have a form element (e.g. the circle) with an implicit equation according to (1) and a first approximation for the parameters as Z l , . , . ,ii, then it follows (Mikhail and Ackerman 1976 
where J =(8F/aal 8F/%a2 , , .) is the Jacobian matrix and A a is the deviation vector of the parameters a k . The minimum condition (4) or ( 5 ) leads by
a Q / a n k = 0
and with k= 1,. . I , m and j = 1 , . I . ,1 to m + 1 linearised normal equations for Aa : ( 1 1) where J, is the Jacobian matrix of the vector (vi, p 2 , . . .)T of secondary conditions. The corrected parameters follow as
The solution must be repeated iteratively until
IAal < E.
The matrix M can be used very easily for error propagation in order to estimate the uncertainty of the parameters and the form element itself. First we have to compute the variance s2 of the measured points in reference to the best-fit form element as where n is the number of measured points and m is the number of unknown parameters aka The variance s2 as a value for the uncertainty of the measuring instrument can also be estimated by special testing procedures (Burdekin 1982 , Knapp 1985 . The variance s2 and the inverse of the matrix M gives the variance/covariance matrix S for the form element parameters ak as
(15) The general equations for random error propagation give the variance range as the estimation of the random errors of the best-fit-form element:
The best aid to understanding the uncertainty of a form element and the influence of the number and position of the measured points is the graphical representation of the form elements including the confidence range U , as shown in figure 8 for straight lines, circles and intersection points. As an important conclusion one can see that each extrapolation to areas far from the measured points (e.g. midpoint of an arc, intersection points outside the workpiece) gives a great error magnification.
The solutions for form elements described by parameter equations and/or coordinate transformations as well as by secondary conditions can be carried out in a similar way. Confidence range of ( a ) the form elements and (b) the intersection points of a measured workpiece (s is the standard deviation of the measuring instrument).
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The Tsebyshev method for adjacent profles
The best-fit approximation according to the Tsebyshev condition (6) can be solved exactly only by non-linear optimisation procedures, which take a lot of time for a small computer and require special treatment for each form element (Chetwynd and Phillipson 1980) . A sufficiently, precise and universal solution can be achieved with a modified weighted Gaussian method. The principle is shown in figure 9 for the circle as an example. The adjacent profiles are two circles with the same midpoint and different radii r l and r2. The solution has to be found in two steps.
The first step is to evaluate the measured points by the Gaussian method, giving a first approximation for the midpoint and two equal radii. The measured points must then be divided according to figure 9 into (a) points outside the outer circle, (b) points between the circles and (c) points inside the inner circle. get the digital model and control tape for multi-axes milling machines in tool engineering. Highly precise CMM are necessary for the testing of tools and gauges. As an example figure 10 shows a three-coordinate measuring machine made by LK Tool Company Limited (Derby, UK), linked to a PDPl1 computer for computer-controlled measuring and evaluating the measured points.
Very precise two-dimensional coordinate measuring instruments equipped with optical sensors (CCD or TV systems) are important for quality testing of integrated circuits and printed circuit boards.
Coordinate measurements based upon photogrammetric principles and equipment are often used in research and 1 for ri > rl development for the testing of dynamic motions and deformations.
It must be stated that computer-aided coordinate measurement is nowadays a general and very flexible principle for geometric measurement of static and dynamic problems, ranging from a few micrometres up to large systems such as educated in coordinate measurement. Final1y the minimum condition (8) leads iterative1y to the vehicles or buildings. Thus all mechanical engineers should be adjacent profiles through the extreme points. The solution is in most cases numerically stable and can be found for any form element. But the uncertainty of the adjacent form element is always much greater than for the mean form element according to Gauss. Thus adjacent form elements are used in very few cases.
Application and conclusion
Computer-aided coordinate measurement for quality testing of workpieces is widely used in mechanical engineering for modern computer-controlled flexible manufacturing systems in order to get feedback information on the accuracy of the workpiece, the machine tools, the fixtures, the tools and the NC programs. Coordinate measuring machines (CMM) are especially used for testing complex workpieces such as gear boxes, engine blocks, spur, helical, bevel and worm gears, car bodies, etc. CMM are also used for measuring the clay models of new cars in order to
